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ૉͳ̏ϘʔϧδϟάϦϯά਺ྻͷ࠷େपظʹ͍ͭͯ
੢ଜɹอࡾ*1 ܂ݪɹ༎ี*2
ʢ2014೥ 9݄ 8೔ɹड෇ʣ
1 ͸͡Ίʹ
δϟάϦϯάʢ͓खۄʣͱ͸ɼෳ਺ͷ෺ମʢҎԼϘʔϧʣΛ࿈ଓతʹ౤্͛͛ΔܳͰ͋Δɻࠓ
೔ɼଟ͘ͷδϟάϥʔʹࢧ࣋͞Ε͍ͯΔδϟάϦϯάɾύλʔϯͷαΠτεϫοϓʢsite-swapʣ
දه๏͸ɼ1985೥ࠒʹɼΧϧϑΥϧχΞ޻ՊେֶͷBruce TiemanɼΧϧϑΥϧχΞେֶαϯλ
Ϋϧʔζߍͷ Paul KlimekɼέϯϒϦοδେֶͷMichael Dayͷ̏ਓʹΑͬͯɼͦΕͧΕಠཱ
ʹߟҊ͞ΕͨɻαΠτεϫοϓͰ͸ɼ౳ִؒͷҰఆͳϦζϜͰϘʔϧΛ౤͛Δ͜ͱΛԾఆͯ͠ɼ
Ϙʔϧͷ౤ٿύλʔϯΛ਺ྻͰදݱ͢Δɻྫ͑͹࠷΋جຊతͳٕͰ͋Δɼ̏ϘʔϧΧεέʔυ
͸ɼαΠτεϫοϓͰ͸ · · · 3333 · · · ͱ͍͏਺ྻɼ͋Δ͍͸पظ 1ͷ॥؀અ͚ͩऔΓग़ͯ͠ɼΑ
Γ؆ܿʹ 3Ͱද͞ΕΔɻಉ༷ʹɼ̏Ϙʔϧγϟϫʔ͸ 51ɼยख̎ͭ͸ 40Ͱද͞ΕΔɻαΠτ
εϫοϓදه๏ʹΑͬͯɼδϟάϦϯάͷύλʔϯΛදݱͨ͠਺ྻΛδϟάϦϯά਺ྻͱݺͿɻ
͜Ε·ͰɼͲͷΑ͏ͳ਺ྻ͕δϟάϦϯά਺ྻͱͳΓɼͦͷ૊߹ͤ͸Կ௨Γ͋Δ͔౳ͷ༷ʑͳ
໰୊͕਺ֶʹ͓͍ͯݚڀ͞Ε͖ͯͨʢ[2, 3, 6, 7]ͳͲʣɻ
ຊߘͰ͸δϟάϦϯά਺ྻͷपظʹ͍ͭͯٞ࿦͢Δɻྫ͑͹ɼ3333 ͸पظ 4ͷδϟάϦϯά
਺ྻͰ͋Δ͕ɼ͜Ε͸पظ 1ͷδϟάϦϯά਺ྻ 3 Λ̐ճ܁Γฦͨ͠ 3 + 3 + 3 + 3 ʹա͗ͳ
͍ɻಉ༷ʹɼ423ͱ͍͏पظ 3ͷδϟάϦϯά਺ྻ͸ɼ42 + 3 ͱ෼ׂ͢Δ͜ͱ͕Ͱ͖ɼ42ͱ 3
ͱ͍͏̎ͭͷύλʔϯΛަޓʹ܁Γฦͨ͠ෳ߹ύλʔϯͰ͋ΔɻδϟάϦϯά਺ྻ͸ɼ̎ͭͷ
δϟάϦϯά਺ྻʹ෼ׂͰ͖ͳ͍ͱ͖ɼૉʢprimeʣͱݺͿʢ[3, 6] ࢀরʣɻϘʔϧͷ਺͕ bݸ
ͰɼݱΕΔ਺ࣈͷ্ݶΛ hͱͨ͠ͱ͖ͷɼૉͳδϟάϦϯά਺ྻͷ࠷େपظΛ MP (b, h) Ͱද
͢ɻMP (b, h) ͷ۩ମతͳ஋͸ɼb ≤ 2 ͷͱ͖͸׬શʹ஌ΒΕ͍ͯΔ͕ɼb ≥ 3 ͷͱ͖͸ɼزͭ
͔ͷখ͞ͳ h Λআ͘ͱɼෆ౳ࣜʹΑΔධՁ͕ࣜ஌ΒΕ͍ͯΔͷΈͰ͋Δʢ[1, 6]ࢀরʣɻಛʹ
MP (b, h) ͷԼݶʹ͍ͭͯ͸ɼ2(h− 1) ≤MP (b, h) ͕஌ΒΕ͍ͯΔ͕ɼ্ݶͱͯ͠஌ΒΕ͍ͯ
ΔධՁࣜͱͷ͕ࠩେ͖͘ɼΑ͍ධՁࣜͱ͸͍͑ͳ͍ɻຊߘͰ͸ɼb = 3 ͷ৔߹ʹɼMP (3, h) ͷ
Α͍ධՁࣜΛ༩͑ͯɼh→∞ ͷͱ͖ͷMP (3, h) ͷΦʔμʔ͕ 3Ͱ͋Δ͜ͱΛࣔ͢ɻ
*1෱Ҫେֶڭҭ஍ҬՊֶ෦ཧ਺ڭҭߨ࠲
*2෱ҪେֶେֶӃڭҭֶݚڀՊڭՊڭҭઐ߈਺ֶڭҭྖҬ
素な3ボールジャグリング数列の最大周期について
西村　保三＊1　桑原　佑輔＊2
（2014年9月8日　受付）
2 δϟάϦϯά਺ྻͱঢ়ଶάϥϑ
͜ͷઅͰ͸ɼδϟάϦϯά਺ྻͱঢ়ଶάϥϑͷఆٛͱجຊੑ࣭Λ [6, Chapter 2] ʹԊͬͯ࠶
ܝ͢ΔɻδϟάϦϯάͷٕͷ໊শʹ͍ͭͯ͸ɼ[4, 5] ͳͲΛࢀরͤΑɻ
2.1 δϟάϦϯά਺ྻ
ຊߘͰߟ࡯͢ΔδϟάϦϯάͷύλʔϯ͸ɼ࣍ͷ৚݅ΛԾఆ͠ɼ࿹ͷަࠩͳͲʹΑΔϘʔϧ
ͷيಓͷҧ͍͸ߟྀ͠ͳ͍ɻ
1. ౳ִؒͷҰఆͷϦζϜͰɼࠨӈͷखͰަޓʹϘʔϧΛΩϟονͯ͠౤͛Δ
2. ಉ࣌ʹෳ਺ͷϘʔϧΛ̍ͭͷखͰอ࣋͠ͳ͍
࣮ࡍʹ͸ɼ྆खͰަޓʹ౤͛ΔΞγϯΫϩɾύλʔϯͷ৔߹ɼΩϟον͸ϘʔϧΛ౤͛Δ̍ഥ
લ͢ͳΘͪɼ൓ରͷखͰ౤͛ΔॠؒʹΩϟον͕ߦΘΕͯɼ̍ഥؒϘʔϧΛอ࣋͢Δ͕࣌ؒ͋
Δ͕ɼ؆ศͷͨΊΩϟονˍεϩʔΛҰͭͷಈ࡞ͱΈͳ͠ɼ͜ΕΒ͸ಉ࣌ʹߦΘΕΔͱߟ͑Δɻ
·ͨʮϘʔϧΛ౤͛Δʯͱ͋Δ͕ɼϘʔϧΛ 0ݸ౤͛Δ͜ͱʢख͕ۭͷঢ়ଶʣ΋ߟ͑ΔɻϘʔ
ϧΛʢΩϟονͯ͠ʣ౤͛Δ࣌ࠁΛɼ਺௚ઢ্ͷ੔਺఺Ͱද͠ɼ֤࣌ࠁͰ౤͛ΒΕͨϘʔϧ͕
࣍ʹͲͷ࣌ࠁͰΩϟον͞Εͯ࠶ͼ౤͛ΒΕΔ͔Λۂઢʢيಓ ͱݺͿʣͰ݁ΜͰදͨ͠άϥϑ
ΛɼδϟάϦϯάɾμΠΞάϥϜ ͱݺͿɻਤ 1, 2, 3 ͸ɼͦΕͧΕɼ̏ϘʔϧΧεέʔυɼ̏
Ϙʔϧγϟϫʔɼยख̎ͭͷδϟάϦϯάɾμΠΞάϥϜͰ͋Δɻ
ਤ 1: ̏ϘʔϧΧεέʔυ
ਤ 2: ̏Ϙʔϧγϟϫʔ
ਤ 3: ยख̎ͭ
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͋ΔδϟάϦϯάͷύλʔϯʹରͯ͠ɼ࣌ࠁ i ∈ Zʹ౤͛ΒΕͨϘʔϧ͕ɼaiഥޙʹΩϟον͞
Εͯ࠶ͼ౤͛ΒΕΔͱͯ͠ɼඇෛ੔਺ྻ {ai}i∈Z ΛఆΊΔɻͨͩ͠ɼ࣌ࠁ iͷͱ͖ʹख͕ۭͰϘʔ
ϧΛอ࣋͠ͳ͍ঢ়ଶͷͱ͖͸ɼai = 0ͱఆΊΔɻai ͸࣌ࠁ iͰ౤͛ΒΕΔϘʔϧͷ଺ۭ࣌ؒΛද
͓ͯ͠Γɼ͜ΕΛͦͷ౤ٿͷߴ͞ɼͦͷ౤͛ํΛ ai-εϩʔͱݺͿɻ਺ྻ a = {ai}i∈Z ͕ɼपظ p
Λ࣋ͭɼ͢ͳΘͪશͯͷ i ∈ Zʹ͍ͭͯ ai+p = ai ͕੒ཱ͢Δͱ͖ɼ॥؀અͷΈΛऔΓग़ͯ͠ɼa
Λ༗ݶ਺ྻͰa = {ai}0≤i<p = a0a1 · · · ap−1 ͱද͢ʢ஫ɽ਺ྻ͸ී௨ {ai}0≤i<p = a0, a1, · · · , ap−1
౳ͱදه͢Δ͕ɼαΠτεϫοϓͷश׳ʹै͍ɼຊߘͰ͸߲ͷ੾Ε໨Λলུͯ͠දه͢Δɻྫ
͑͹ɼ33͸ 3, 3Λҙຯ͢Δʣɻ
ఆٛ 2.1 (1) ඇෛ੔਺ྻ a = {ai}i∈Z ͕δϟάϦϯά਺ྻͱ͸ɼf(i) := i + ai Ͱఆ·Δؔ਺
f : Z→ Z ͕શ୯ࣹͰ͋Δͱ͖Λ͍͏ɻ
(2) ༗ݶඇෛ੔਺ྻ a = {ai}0≤i<p ͕पظ pͷδϟάϦϯά਺ྻ ͱ͸ɼf(i) := i+ai mod pͰఆ
·Δؔ਺ f : Zp → Zp ͕શ୯ࣹͰ͋Δͱ͖Λ͍͏ɻͨͩ͠ɼZp := Z/pZ = {0, 1, 2, · · · , p − 1}
͸੔਺ͷ๏ pʹؔ͢Δ߹ಉྨ͕࡞Δ༗ݶ८ճ܈Λද͢ɻ
ྫ 2.2 ̏ϘʔϧΧεέʔυ͔Βܾ·ΔδϟάϦϯά਺ྻ͸ɼ· · · 3333 · · · Ͱ͋Γɼ॥؀અΛऔΓ
ग़ͨ͠༗ݶ਺ྻͷදهͰ͸ɼ3, 33, 333 ͳͲͰද͞ΕΔɻಉ༷ʹɼ̏Ϙʔϧγϟϫʔͷδϟά
Ϧϯά਺ྻ͸ 51, 15, 5151 ͳͲɼยख̎ͭ͸ 40, 04, 4040ͳͲͰද͞ΕΔɻ
पظ pͷ਺ྻ a = {ai}0≤i<pʹରͯ͠ɼ֤߲Λ k͚ͩͣΒͨ͠਺ྻ a′ = {ai+k mod p}0≤i<p Λ
ߏ੒͢Δม׵ΛαΠΫϦοΫγϑτͱݺͿɻδϟάϦϯά਺ྻʹରͯ͠ɼαΠΫϦοΫγϑτ
ͨ͠΋ͷ͸ɼ࣌ࠁͷى఺͕ҟͳΔ͚ͩͰಉ͡ύλʔϯΛද͍ͯ͠Δɻ
δϟάϦϯάɾμΠΞάϥϜʹ͓͍ͯɼيಓ͸̍ͭͷϘʔϧͷಈ͖Λද͓ͯ͠Γɼيಓͷ਺
͸Ϙʔϧͷݸ਺Λҙຯ͢ΔɻδϟάϦϯά਺ྻͱϘʔϧͷݸ਺ʹ͸ɼ࣍ͷؔ܎͕͋Δɻ
໋୊ 2.3 पظ pͷδϟάϦϯά਺ྻ a = {ai}0≤i<p ΛδϟάϦϯά͢Δͷʹཁ͢ΔϘʔϧͷݸ
਺͸ɼ਺ྻʹݱΕΔ਺ࣈͷฏۉ஋ b = (a0 + a1 + · · ·+ ap−1)/p ʹ౳͍͠ɻ
ྫ 2.4 ̏ϘʔϧͷδϟάϦϯά਺ྻͰɼपظ 3ͷ΋ͷ͸ɼαΠΫϦοΫγϑτͰҠΓ߹͏΋ͷ
Λআ͘ͱɼ333, 423, 441, 504, 522, 531, 603, 612, 630, 711, 720, 801, 900 ͷ 13௨Γ͋Δɻ
2.2 δϟάϦϯάঢ়ଶάϥϑ
ॳΊʹྫΛ࢖ͬͯઆ໌͢Δɻࠓ̏ݸͷϘʔϧΛδϟάϦϯά͍ͯ͠Δͱ͠ɼ౤͛ΒΕΔߴ͞
ͷ্ݶΛ 5ͱ͢Δɻਤ 4ͷδϟάϦϯάɾμΠΞάϥϜ͸ɼ̏ͭͷϘʔϧΛδϟάϦϯά͖ͯ͠
ͯɼݱࡏ͸ॎͷ఺ઢͷঢ়ଶͱ͢Δɻ͔͜͜ΒɼͲ͏δϟάϦϯά͠ଓ͚ΒΕΔ͔Λߟ͑Δɻݱ
ࡏͷঢ়ଶ͔Β͸ɼ1,3,4ഥޙʹϘʔϧ͕མԼ͖ͯͯ͠ɼ2,5ഥޙʹ͸ͱΓ͋͑ͣϘʔϧ͸མԼ͠
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ͯ͜ͳ͍༧ఆͰ͋Δɻ͜ͷঢ়ଶΛ 10110 ͱද͢ʢ1͸Ϙʔϧ͕མԼͯ͘͠Δ͜ͱΛҙຯ͢Δʣɻ
̍ഥޙɼΩϟονͨ͠Ϙʔϧ͸ɼطʹϘʔϧ͕མͪͯ͘Δ༧ఆʹͳ͍ͬͯΔ 2ഥޙͱ 3ഥޙʹམ
Լ͢Δ 2-εϩʔ΍ 3-εϩʔͰ͸౤͛ΒΕͳ͍ͨΊɼ͜͜ͰՄೳͳ౤ٿͷߴ͞͸ 1,4,5 ͷ͍ͣΕ
͔Ͱ͋ΔɻԾʹ͜͜Ͱ 4-εϩʔͰ౤͛ͨͱ͢ΔͱɼϘʔϧͷམԼ༧ఆͷঢ়ଶ͸ 01110 ͱͳΔɻ
ͦͷ̍ഥޙʹ͸Ϙʔϧ͸མͪͯ͜ͳ͍ͷͰɼख͕ۭͷঢ়ଶʢ0-εϩʔʣͰ͋Δɻͦͷޙɼঢ়ଶ
͸ 11100 ΁ͱҠΔɻࠓ·Ͱͷঢ়ଶͷมભ͸ɼ
10110
4−→ 01110 0−→ 11100
Ͱද͞ΕΔɻ͜ͷΑ͏ʹɼϘʔϧͷམԼ༧ఆͷঢ়ଶ͕ɼ౤ٿʹΑͬͯ࣍ʑҠΓมΘ͍ͬͯ͘͜
ͱͰɼδϟάϦϯάΛଓ͚Δ͜ͱ͕Ͱ͖Δɻ
ਤ 4: ঢ়ଶ 10110
ఆٛ 2.5 ੔਺ b, h (0 ≤ b ≤ h, h ≥ 1) ʹରͯ͠ɼϘʔϧ਺ bɼߴ͞ hͷ δϟάϦϯάঢ়ଶά
ϥϑ Γ(b, h) = (V,E)ͱ͸ɼҎԼͷ௖఺ू߹ V ͱɼϥϕϧ෇͖ͷ༗޲ล E Ͱߏ੒͞ΕΔ༗޲ά
ϥϑͰ͋Δɻ͜ͷάϥϑͷ௖఺Λঢ়ଶͱݺͼɼϥϕϧ kͷ༗޲ลΛ͠͹͠͹ k-εϩʔͱݺͿɻ
1. V = {s = s1s2 · · · sh ∈ {0, 1}h | s1 + s2 + · · ·+ sh = b}
2. s = s1s2 · · · sh, s′ = s′1s′2 · · · s′h ∈ V ʹରͯ͠ɼ(s, s′) ∈ E ⇔ ͋Δ 0 ≤ k ≤ h ͕ଘࡏͯ͠ɼ
(1) k = 0 ͷͱ͖ɿsi+1 = s′i (1 ≤ i ≤ h− 1), s1 = s′h = 0,
(2) k ̸= 0 ͷͱ͖ɿ si+1 = s′i (1 ≤ i ≤ h− 1, i ̸= k), s1 = s′k = 1, sk+1 = 0 or k = h
͜ͷͱ͖ɼ͜ͷ༗޲ล (s, s′) ʹϥϕϧ kΛ෇͚ͯɼs k−→ s′ ͱද͢ɻ
ྫ 2.6 ਤ 5 ͸Ϙʔϧ਺ 3ɼߴ͞ 5ͷδϟάϦϯάঢ়ଶάϥϑ Γ(3, 5)Ͱ͋Δɻ
δϟάϦϯάঢ়ଶάϥϑʹ͍ͭͯɼ࣍ͷੑ࣭͕੒Γཱͭʢ[6, 2.8.5અ]ࢀরʣɻ
໋୊ 2.7 (1) b ≤ h′ < hͷͱ͖ɼΓ(b, h)Λ௖఺෦෼ू߹V ′ = {s = s1 · · · sh′0 · · · 0 ∈ {0, 1}h | s1+
· · ·+ sh′ = b} ʹ੍ݶͨ͠෦෼άϥϑ͸ Γ(b, h′) ͱಉܕͰ͋ΓɼΓ(b, h′) ⊂ Γ(b, h) ͱߟ͑ͯΑ͍ɻ
(2) Γ(h− b, h) ͸ɼΓ(b, h) ʹ͓͍ͯ໼ҹͷ޲͖Λ൓ରʹͨ͠άϥϑͱಉܕͰ͋Δɻ
ূ໌ (1)͸໌Β͔ɻ(2) ͸ɼMP (b, h) ͷ֤ঢ়ଶͷ 1ͱ 0Λ൓సͤͯ͞ٯॱʹ͢Ε͹Α͍ʢྫ͑
͹ɼ10011↔ 00110ʣɻ͜ͷͱ͖ɼϥϕϧ kͷล͸ɼٯ޲͖ͷϥϕϧ h− kͷลʹରԠ͢Δɻ˘
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ਤ 5: δϟάϦϯάঢ়ଶάϥϑ Γ(3, 5)
ঢ়ଶάϥϑͷఆ͔ٛΒɼϘʔϧ਺ bɼߴ͕͞ߴʑ h Ͱ͋ΔδϟάϦϯά਺ྻ͸ɼ༗޲άϥϑ
Γ(b, h) ͷಓʹରԠ͠ɼ༗ݶδϟάϦϯά਺ྻ͸ɼΓ(b, h) ͷด࿏ʹରԠ͢Δɻ
ఆٛ 2.8 δϟάϦϯά਺ྻ a = a0a1 · · · ap−1 ͸ɼରԠ͢Δঢ়ଶάϥϑͷด࿏͕ॳ౳తͰ͋Δ
ʢಉ͡௖఺Λ̎౓௨Βͳ͍ʣͱ͖ɼૉʢprimeʣͱݺͿɻ
Ұൠʹɼ༗޲άϥϑͷ೚ҙͷด࿏͸ɼ༗޲ลΛڞ༗͠ͳ͍ز͔ͭͷॳ౳ด࿏ʹ෼ׂͰ͖Δ͜
ͱ͔Βɼ೚ҙͷδϟάϦϯά਺ྻ͸ɼૉͳδϟάϦϯά਺ྻʹ෼ׂͰ͖Δ͜ͱ͕Θ͔Δɻ
ྫ 2.9 3ϘʔϧδϟάϦϯά਺ྻ 55150440 ͸ɼঢ়ଶάϥϑ Γ(3, 5) ʹ͓͍ͯɼ551ɿ504ɿ40 ͷ
ίϩϯͷҐஔͰঢ়ଶ 10110 Λ̎ճ๚ΕΔͷͰɼૉͳδϟάϦϯά਺ྻ 55140 ͱ 504 ʹ෼ׂͰ
͖ΔʢαΠΫϦοΫγϑτ͢Ε͹ɼ40551504 = 40551 + 504ͱදͤΔʣɻ
3 ૉͳδϟάϦϯά਺ྻͷ࠷େपظ
Ϙʔϧ਺ bɼߴ͞Λߴʑ hͱ͢ΔɼૉͳδϟάϦϯά਺ྻͷ࠷େपظΛ MP (b, h) ͱද͢ɻ͜
Ε͸ɼδϟάϦϯάঢ়ଶάϥϑ Γ(b, h) ͷ࠷௕ͷॳ౳ด࿏ͷ௕͞ͱ΋ݴ͍׵͑ΒΕΔɻॳ౳ด
࿏ͷ௕͞͸άϥϑͷ௖఺਺Λ௒͑ͳ͍ͷͰɼ໌Β͔ͳ্ݶMP (b, h) ≤ (h
b
) ͕ಘΒΕΔɻ·ͨ
b ≥ 1 ͷͱ͖ɼঢ়ଶ 1 · · · 10 · · · 0 Λج఺ͱ͢Δɼh-εϩʔͱ 0-εϩʔ͚͔ͩΒͳΔपظ h ͷૉ
ͳδϟάϦϯά਺ྻ h · · ·h0 · · · 0ʢhͷΪϟοϓɾύλʔϯͷ̍छͰɼޙड़͢ΔΑ͏ʹɼରԠ͢
Δด࿏ΛωοΫϨεͱݺͿʣ͕ଘࡏ͢Δ͜ͱ͔ΒɼԼݶΛ༩͑Δෆ౳ࣜ h ≤ MP (b, h) ͕ಘΒ
ΕΔɻҎ্ΑΓɼ࣍ͷෆ౳͕ࣜ੒ཱ͢Δɻ
h ≤MP (b, h) ≤
(
h
b
)
(1)
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໋୊ 2.7 (1) ΑΓɼMP (b, h) ͸ hʹؔͯ͠୯ௐ૿ՃͰ͋Δɻ·ͨɼ໋୊ 2.7 (2)ΑΓɼҰൠ
ʹMP (b, h) = MP (h− b, h) ͕੒ཱ͢ΔͷͰɼMP (b, h) ͸ h ≥ 2b ͷέʔεΛߟ࡯͢Ε͹े෼
Ͱ͋ΔɻධՁࣜ (1) ͸ɼΑΓਫ਼ີͳٞ࿦Λ͢Δ͜ͱͰɼ࣍ͷఆཧʹվળͰ͖Δ͜ͱ͕஌ΒΕͯ
͍Δʢ[6, 2.8.4અ] ࢀরʣɻ
ఆཧ 3.1 ੔਺ b, h (2 ≤ b ≤ h− 2) ʹରͯ͠ɼ
N(b, h) =
1
h
∑
d|gcd(b,h)
ϕ(d)
(
h/d
b/d
)
ͱ͓͘ɻ͜͜Ͱ ϕ(d) := ♯{1 ≤ k ≤ d | gcd(k, d) = 1} ͸ΦΠϥʔؔ਺ͱ͢Δɻ(b, h) ̸= (2, 4) ͷ
ͱ͖ɼ࣍ͷෆ౳͕ࣜ੒ཱ͢Δɻ
2(h− 1) ≤MP (b, h) ≤
(
h
b
)
−N(b, h) (2)
্ͷఆཧ͔Βɼಛʹ 2 ≤ b ≤ h− 2 ͷͱ͖ɼΓ(b, h) ʹ͸ɼશͯͷ௖఺Λ௨Δॳ౳ด࿏ʢϋϛ
ϧτϯด࿏ʣ͸ଘࡏ͠ͳ͍͜ͱ͕Θ͔ΔɻҎԼʹɼݱࡏ·Ͱʹ஌ΒΕ͍ͯΔ MP (b, h) ͷ۩ମ
తͳ஋Λྻڍ͢Δʢ[1, 6] ࢀরʣɻ
໋୊ 3.2 (1) MP (0, h) = 1, MP (1, h) = h
(2) b = 2 ͷͱ͖ɼh ≥ 4 ʹ͍ͭͯɼ
MP (2, h) =
(
h
2
)
−N(2, h) =
{
1
2
h(h− 2) h : even
1
2
(h− 1)2 h : odd
(3) b = 3, 4 ͷͱ͖ɼ
ද 1: MP (b, h)
b\h 6 7 8 9 10 11 12 13 14 15 16 17
3 15 30 49 74 108 149 200 263 337 424 524 639
4 12 30 58 112 188 300
ҎԼɼϘʔϧ਺͸ 3ʹݻఆͯ͠ɼMP (3, h) Λߟ࡯͢Δɻఆཧ 3.1ʹ b = 3 Λద༻ͯ͠ɼh ≥ 5
ͷͱ͖࣍ͷෆ౳͕ࣜಘΒΕΔɻ
2(h− 1) ≤MP (3, h) ≤
{
1
6
(h− 1)2(h− 2) h ̸≡ 0 mod 3
1
6
(h− 3)(h2 − h+ 2) h ≡ 0 mod 3
(3)
ද 1 ͱൺֱ͢Δͱɼh ≤ 17 ·Ͱ͸ɼMP (3, h) ͸ (3) ͷ্ݶΛ༩͑Δ̏࣍ࣜͱߴʑ1ͷҧ
͍͔͠ͳ͍ҰํͰɼԼݶࣜ 2(h− 1) ͸ hͷ̍࣍ࣜͰ͋ΓɼMP (3, h) ͱͷ͕ࠩେ͖͍ɻͦ͜Ͱ
MP (3, h) ͷԼݶࣜΛվળ͢Δ͜ͱΛߟ͑Δɻ࢝Ίʹɼ̎ϘʔϧδϟάϦϯάͱͷؔ܎͔Βɼ̎
࣍ͷԼݶ͕ࣜಘΒΕΔ͜ͱʹ஫ҙ͢Δɻ
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໋୊ 3.3 h ≥ 3 ͷͱ͖ɼΓ(3, h) ͸ɼΓ(2, h− 1) ͱಉܕͳϚΠφʔΛؚΉɻ
ূ໌ Γ(2, h−1)ͷঢ়ଶ 110 · · · 0ͷยํͷʢྫ͑͹࠷ॳͷʣ1Λ 11ʹஔ͖׵͑Δม׵Λߟ͑Δɻ
ྫ͑͹ Γ(2, 4)ʹ͓͍ͯɼ1100 3−→ 1010ͷԼઢΛ෇͚ͨ 1Λ 11ʹஔ͖׵͑ͯɼ11100 44−→ 10110
ʹม׵͢Δɻ͜ Ε͸ɼΓ(3, 5)ͷ̎ͭͷล͕ॖ໿͞ΕͨลͰ͋Δɻͨ ͩ͠ɼ11ͱ 11͸ಉ͡΋ͷͱߟ
͑ɼྫ͑͹ɼ1100 2−→ 1100͸ɼ͜ͷஔ͖׵͑Ͱɼʢ11100 33−→ 11100Ͱ͸ͳ͘ʣ11100 3−→ 11100
ʹม׵͢Δɻ͜ͷஔ͖׵͑ʹΑͬͯɼΓ(2, h− 1) ͸ Γ(3, h) ͷ͋Δ෦෼άϥϑΛద౰ʹॖ໿͠
ͨάϥϑʹม׵͞ΕΔɻ˘
໋୊ 3.3 ΑΓɼෆ౳ࣜ MP (3, h) ≥ MP (2, h − 1) ͕੒Γཱͭɻ͜͜Ͱӈล͸ h ≥ 5 ͷͱ͖
໋୊ 3.2 (2) Ͱ༩͑ΒΕ͍ͯΔͷͰɼ࣍ͷෆ౳ࣜΛಘΔʢ஫ɽh = 3, 4 ͷͱ͖ʹ΋੒ཱ͢Δʣɻ
ܥ 3.4 h ≥ 3 ͷͱ͖ɼ
MP (3, h) ≥
{
1
2
(h− 1)(h− 3) h : odd
1
2
(h− 2)2 h : even
(4)
ҎԼͰ͸ɼ̏ͭͷεςοϓʹ෼͚ͯɼঢ়ଶάϥϑ Γ(3, h) ΛΑΓਫ਼ີʹௐ΂ͯɼΑΓ௕͍ॳ
౳ด࿏Λߏ੒͍ͯ͘͠ɻ༗ݶඇෛ੔਺ྻʹ͓͍ͯɼk͕ aճ܁Γฦ͞ΕΔ߲ k · · · k ͕͋Δͱ
͖ɼ͜ΕΛ ka ͱུه͠ɼ༗ݶ਺ྻ a = a0a1 · · · ap−1 ͷ௕͞Λɼl(a) = p ͱද͢ɻྫ͑͹
Γ(8, 12) ͷঢ়ଶ 111110000111 ͸ 150413 ͱུه͞Εɼl(150413) = 12 Ͱ͋ΔɻΓ(b, h) ͷঢ়ଶ
s1 = s11s12 · · · s1h ∈ V ͸ɼ೚ҙͷαΠΫϦοΫγϑτͰࣗ෼ࣗ਎ͱҰக͠ͳ͍ͱ͢Δɻ͜ͷͱ
͖ɼ0-εϩʔͱ h-εϩʔ͚͔ͩΒͳΔ hͷΪϟοϓɾύλʔϯ
s1
k1−→ s2 k2−→ · · · kh−1−→ sh kh−→ s1
ʢki ͸ s1i = 1 ͷͱ͖ hɼs1i = 0 ͷͱ͖ 0ʣ͸௕͞ hͷॳ౳ด࿏ͱͳΓɼωοΫϨεͱݺ͹Ε
ΔɻωοΫϨε s1 a1−→ s2 a2−→ · · · am−1−→ sm am−→ s1 (ai ͸ hͱ 0͔ΒͳΔ਺ྻ)ͷҰ෦ sm am−→ s1
ΛऔΓڈͬͨಓ
C : s1
a1−→ s2 a2−→ · · · am−1−→ sm
ΛνΣʔϯ ͱݺͼɼωοΫϨεͷҰ෦Ͱ͋Δ͜ͱΛڧௐ͢Δ৔߹ʹ͸ɼ࢝఺ʹ໭Δϧʔτ΋ࣔ
ͯ͠ɼ
C = {s1 a1−→ s2 a2−→ · · · am−1−→ sm} am−→
ͷΑ͏ʹද͢͜ͱʹ͢ΔɻC ͷ௕͞͸ɼl(C) = l(a1) + · · ·+ l(am−1) = h− l(am) Ͱ͋Δɻ
ʲStep 1ʳ h ≥ 5 ΛԾఆ͠ɼ1 ≤ i ≤ h− 4 ʹ͍ͭͯɼνΣʔϯ Ci Λ࣍Ͱఆٛ͢Δɻ
Ci := {10h−3−i110i h0
h−3−i−→ 110i10h−3−i h−→ 10i10h−3−i1} h0i−→
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Ciͷ௕͞͸ɼl(Ci) = h− 1− i Ͱ͋Δɻ͜ͷͱ͖ɼνΣʔϯ Ci Λܨ͛ͨ࣍ͷด࿏Λߟ͑Δɻ
L := 1110h−3 hh1−→ C1 (h−2)0−→ C2 (h−2)0
2
−→ C3 (h−2)0
3
−→ · · · (h−2)0
h−5
−→ Ch−4 (h−2)0
h−4
−→ 1110h−3
͜ͷด࿏͸ॳ౳తͰ͋ΓɼͦΕͧΕͷ Ci (h−2)0
i
−→ ͷ෦෼ͷ௕͞͸ɼ(h− 1− i) + (i + 1) = hͰ
͋Δ͔Βɼͦͷશ௕͸ l(L) = 3 + h(h− 4) = h2 − 4h+ 3 Ͱ͋Δɻ
໋୊ 3.5 h ≥ 5 ͷͱ͖ɼ
MP (3, h) ≥ h2 − 4h+ 3 (5)
ʲStep 2ʳ h ≥ 9 ΛԾఆͯ͠ɼνΣʔϯD0, Di, D′i (1 ≤ i ≤ [h−72 ]) Λ࣍Ͱఆٛ͢Δɻ
D0 := {101010h−5 h0−→ 1010h−510 h0−→ 10h−51010} h0
h−5−→
Di := {10i+11010h−5−i h0
i+1−→ 1010h−5−i10i+1 h0−→ 10h−5−i10i+110} h0h−5−i−→
D′i := {1010i+110h−5−i h0−→ 10i+110h−5−i10 h0
i+1−→ 10h−5−i1010i+1} h0h−5−i−→
͜͜ͰɼνΣʔϯ D0, Di, D′i ͸ޓ͍ʹಠཱͰ͋Γɼͦͷ௕͞͸ɼl(Di) = l(D′i) = i + 4 Ͱ
͋ΔɻνΣʔϯDi, D′i Λܨ͛ͯͰ͖Δ࣍ͷಓΛߟ͑Δɻ
D := D0
(h−7)0h−8−→ D1 (h−7)0
h−8
−→ D′1
(h−9)0h−10−→ D2 (h−8)0
h−9
−→ D′2
(h−11)0h−12−→ · · ·
300−→ Dh
2
−4
(h
2
−2)0h2−3−→ D′h
2
−4 h: even
20−→ Dh−7
2
h−5
2
0
h−7
2−→ D′h−7
2
h: odd
ಓD ͷ௕͞ l(D) = 4 +∑[h−72 ]i=1 ({(h− 5− 2i) + (i+ 4)}+ {(h− 6− i) + (i+ 4)}) ͸ɼh ͕ۮ
਺ͷͱ͖ɼl(D) = 7
8
h2 − 31
4
h+ 10ɼh͕ح਺ͷͱ͖ɼl(D) = 7
8
h2 − 7h+ 81
8
Ͱ͋Δɻ
Step 1 Ͱఆٛͨ͠ด࿏ L ͔ΒCh−4Ҏ߱ΛऔΓڈͬͨνΣʔϯΛ L0ͱ͓͘ɻ
L0 : {1110h−3 hh1−→ C1 (h−2)0−→ C2 (h−2)0
2
−→ C3 (h−2)0
3
−→ · · · (h−2)0
h−5
−→ Ch−4} (h−2)0
h−4
−→
L0 ͷ௕͞͸ɼl(L0) = h2 − 5h+ 6 Ͱ͋ΔɻL0 ͱD Λܨ͛ͯɼ৽ͨͳด࿏ M Λ࡞Δɻ
M : L0
(h−5)0h−6−→ D

1−→ 10h2−21010h2−2
h
2
0
h
2−2−→ 1110h−3 h: even
h+1
2
0
h−3
2−→ 1110h−3 h: odd
ด࿏ M ͸ॳ౳తͰ͋Γɼ௕͞͸ l(M) = l(L0) + (h− 5) + l(D) +
{
h
2
h: even
h−1
2
h: odd
Ͱ͋Δɻ
ӈลΛܭࢉͯ࣍͠ͷෆ౳ࣜΛಘΔɻ
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໋୊ 3.6 h ≥ 9 ͷͱ͖ɼ
MP (3, h) ≥
{
15
8
h2 − 45
4
h+ 11 h: even
15
8
h2 − 21
2
h+ 85
8
h: odd
(6)
ʲStep 3ʳh ≥ 12ΛԾఆ͠ɼ1 ≤ j ≤ [h
3
]−3, 1 ≤ i ≤ [h−7−3j
2
]ʹରͯ͠ɼνΣʔϯ Ej,0, Ej,i, E ′j,i
Λ࣍Ͱఆٛ͢Δɻ
Ej,0 := {10j+110j+110h−5−2j h0
j+1h0j+1−→ 10h−5−2j10j+110j+1} h0h−5−2j−→
Ej,i := {10j+1+i10j+110h−5−2j−i h0
j+1+ih0j+1−→ 10h−5−2j−i10j+1+i10j+1} h0h−5−2j−i−→
E ′j,i := {10j+110j+1+i10h−5−2j−i h0
j+1h0j+1+i−→ 10h−5−2j−i10j+110j+1+i} h0h−5−2j−i−→
֤ jʹରͯ͠ɼνΣʔϯ Ej,i, E ′j,i Λܨ͍Ͱɼಓ Ej ΛҎԼͰఆٛ͢Δɻ
Ej : Ej,0
(h−3j−7)0h−3j−8−→ Ej,1 (h−3j−7)0
h−3j−8
−→ E ′j,1
(h−3j−9)0h−3j−10−→ Ej,2 −→ E ′j,2 −→
· · · (h−3j−5−2i)0
h−3j−6−2i
−→ Ej,i (h−3j−6−i)0
h−3j−7−i
−→ E ′j,i −→ · · · −→ Ej,m −→ E ′j,m
ͨͩ͠ɼm = [h−7−3j
2
] Ͱ͋Δɻ͜ͷͱ͖ɼEj ͷ௕͞͸ɼ
l(Ej) = 2j + 4 +
∑m
i=1{2(2j + 3 + i) + (h− 3j − 6− i) + (h− 3j − 5− 2i)}
= 2j + 4 +m(2h− 2j − 5)− 1
2
m(m+ 1)
> 2j + 4 + h−8−3j
2
(2h− 2j − 5)− 1
2
· h−7−3j
2
· h−5−3j
2
= 7
8
h2 − 13
4
jh+ 15
8
j2 − 9h+ 13j + 157
8
Step 2 Ͱఆٛͨ͠ಓ Dʹ͓͍ͯɼDj (h−6−j)0
h−7−j
−→ D′j ͷ෦෼ʹɼಓ Ej Λ࣍ͷΑ͏ʹڬΈࠐΉɻ
Dj
(h−6−2j)0h−7−2j−→ Ej (h−6−2j−m)0
h−7−2j−m
−→ D′j
͜ͷڬΈࠐΈʹΑΔಓͷ௕͞ͷ૿෼Λ∆j ͱ͓͘ͱɼ
∆j = l(Ej) + h− 6− 3j −m
>
(
7
8
h2 − 13
4
jh+ 15
8
j2 − 9h+ 13j + 157
8
)
+ h− 6− 3j − h−7−3j
2
= 7
8
h2 − 13
4
jh+ 15
8
j2 − 17
2
h+ 23
2
j + 137
8
Step 2Ͱఆٛͨ͠ด࿏M ʹ͓͍ͯɼશͯͷ jͰ Ej ΛڬΈࠐΜͩด࿏Λ N ͱ͓͘ɻ
N : L0 −→ D0 −→ D1 −→ E1 −→ D′1 −→ · · · −→ Dn −→ En −→ D′n
−→ Dn+1 −→ D′n+1 −→ · · · −→ D[h−7
2
] −→ D′[h−7
2
]
−→ 1110h−3
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ͨͩ͠ɼn = [h
3
]− 3 Ͱ͋Δɻ͜ͷͱ͖ɼด࿏N ͷ௕͞͸ɼ
l(N) = l(M) +
∑n
j=1∆j
>
(
15
8
h2 − 45
4
h+ 11
)
+
∑n
j=1
(
7
8
h2 − 13
4
jh+ 15
8
j2 − 17
2
h+ 23
2
j + 137
8
)
=
(
15
8
h2 − 45
4
h+ 11
)
+
(
7
8
h2 − 17
2
h+ 137
8
)
n− (13
4
h− 23
2
)
1
2
n(n+ 1)
+15
8
· 1
6
n(n+ 1)(2n+ 1)
>
(
15
8
h2 − 45
4
h+ 11
)
+
(
7
8
h2 − 17
2
h+ 137
8
) · h−11
3
− (13
4
h− 23
2
)
1
2
· h−9
3
· h−6
3
+15
8
· 1
6
· h−11
3
· h−8
3
· 2h−19
3
= 29
216
h3 − 71
48
h2 + 1801
144
h− 7915
216
ఆཧ 3.7 h ≥ 12 ͷͱ͖ɼ
MP (3, h) >
29
216
h3 − 71
48
h2 +
1801
144
h− 7915
216
(7)
ෆ౳ࣜ (3) ͱ (7) ΑΓɼMP (3, h) ͷΦʔμʔ͕ܾఆ͢Δɻ
ܥ 3.8 h→∞ ͷͱ͖ɼMP (3, h) = O(h3) Ͱ͋Δɻ
஫ҙ 3.9 ຊߘͰಘΒΕͨԼݶ (7) ͱ্ݶ (3) ͸ɼ̏࣍ͷ܎਺ʹ͕ࠩ͋ΔͷͰɼ(7) ͸͞Βʹվ
ળͰ͖Δ༨஍͕͋Δʢද 1 ͷ؍࡯͔Β lim
h→∞
MP (3, h)
h3
=
1
6
͕༧૝͞ΕΔʣɻ·ͨɼܥ 3.8 ʹؔ
ͯ͠ɼҰൠʹ h→∞ ͷͱ͖MP (b, h) = O(hb)͕༧૝͞ΕΔɻ
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